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Abstract A new scheme for controlled teleportation with the help of a four-qubit cluster
state is proposed. In this scheme, a four-particle cluster state is shared by a sender, a con-
troller and a receiver. The sender first performs a Bell-basis measurement on the qubits at
hand, and the controller performs measurements under a non-maximally entangled Bell-
basis after he knows the sender’s measurement result. Then the receiver introduces an aux-
iliary qubit and performs some appropriate unitary transformations on his qubits. Quantum
teleportation is realized after the receiver performs a local measurement on the auxiliary
qubit and an appropriate unitary transformation on his qubit.

Keywords Controlled teleportation · Cluster state · Non-maximally entangled state

1 Introduction

Since Bennett et al. [1] presented the protocol of quantum teleportation in 1993, one of the
most amazing features of quantum mechanics, quantum teleportation has been studied by
many groups [2–7]. The first controlled teleportation protocol was proposed in 1998 by us-
ing a three-qubit Greenberger-Horne-Zeilinger (GHZ) state [8]. The basic idea of controlled
teleportation is to transport an unknown quantum state with a controller. It has been under
extensive investigation [9–26]. Li et al. proposed a scheme to teleport an unknown single-
qubit state with a multi-particle joint measurement [10]. Yang et al. presented a multiparty
controlled teleportation protocol to teleport multi-qubit quantum information [11]. Deng et
al. introduced a symmetric multiparty controlled teleportation scheme for an arbitrary two-
particle entanglement state [12]. Man et al. presented an explicit genuine (2N + 1)-qubit
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entangled state motivated by the idea of controlled teleportation [13]. Zhou et al. [14] pre-
sented a theoretical scheme for controlled quantum teleportation, using the entanglement
properties of GHZ state. Yan and Wang [15] proposed a protocol for the controlled tele-
portation of an unknown quantum state. In those schemes the controlled teleportation of an
unknown qubit is through a three-qubit GHZ state or W state as the quantum channel along
with classical communication.

Entanglement in four-qubit case is more complicated than in three-qubit case. Raussen-
dorf and Briegel [27], showed that cluster states have some particular characters in the case
of N > 3. For instance, the cluster state is maximally connected and its persistency is better
than GHZ-class state. In other words, cluster state has the properties both of the GHZ-class
and the W-class entangled states, and is harder to destroy by local operations than GHZ-class
states [28, 29].

In this paper, a general scheme for non-maximally entangled controlled teleportation
using a four-qubit cluster state is proposed. We prepare a four-particle cluster state for the
sender Alice, the controller Charlie and the receiver Bob. The sender Alice performs a Bell-
basis joint measurement on her qubits in the four-particle cluster state and an unknown qubit.
After receiving the measurement result of the sender, the controller Charlie takes a joint
measurement under a non-maximally entangled Bell-basis. Then receiver Bob introduces an
auxiliary particle and performs an appropriate unitary transformation on his particles after he
cooperates with the controller. Finally Bob can reconstruct the unknown state by performing
a local measurement on the auxiliary particle and an appropriate unitary transformation on
his particle.

2 Controlled Teleportation

We first prepare a cluster state of four particles 1, 2, 3 and 4 [27]

|�〉1234 = 1

2

(|0000〉 + |0011〉 + |1100〉 − |1111〉)
1234

(1)

where the particle 1 is kept by sender Alice, particles 2 and 3 by the controller Charlie, and
particle 4 by the receiver Bob. Now the sender Alice wants to teleport an unknown single-
state to Bob. This single-state can be usually written as

|�〉0 = α|0〉0 + β|1〉0, (2)

where |α|2 + |β|2 = 1. The state of the composite quantum system is |�〉01234 = |�〉0 ⊗
|�〉1234.

First, Alice performs a Bell-basis joint measurement on her qubits 0 and 1, and the joint
state is expressed as

|�〉01234 = 1

2

(|φ+〉01|�A〉234 + |φ−〉01|�B〉234 + |ψ+〉01|�C〉234 + |ψ−〉01|�D〉234

)
, (3)

where the Bell states

|φ±〉01 = 1√
2
(|00〉 ± |11〉)01, |ψ±〉01 = 1√

2
(|01〉 ± |10〉)01 (4)
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are four possible measurement results, and

|�A〉234 = 1√
2
(α|000〉 + α|011〉 + β|100〉 − β|111〉)234,

|�B〉234 = 1√
2
(α|000〉 + α|011〉 − β|100〉 + β|111〉)234,

|�C〉234 = 1√
2
(α|100〉 − α|111〉 + β|000〉 + β|011〉)234,

|�D〉234 = 1√
2
(α|100〉 − α|111〉 − β|000〉 − β|011〉)234,

(5)

are the corresponding states of qubits 2, 3 and 4 after the measurement by Alice with equal
probability 1/4. Then Alice tells the result of her measurement to Charlie via a classical
channel. According to Alice’s result, Charlie performs appropriate joint unitary transforma-
tions on his qubits 2 and 3. For the states of |�A〉234, |�B〉234, |�C〉234 and |�D〉234, the
corresponding joint unitary transformations are I2 ⊗ I3, σ 2

z ⊗ I3, σ 2
x ⊗ σ 3

z and iσ 2
y ⊗ σ 3

z ,
respectively. Then the states of qubits 2, 3 and 4 are transformed into the following simple
form

|�〉234 = 1√
2
(α|000〉 + α|011〉 + β|100〉 − β|111〉)234. (6)

To complete the quantum teleportation, the controller Charlie needs to perform
joint measurement on qubits 2 and 3 under a non-maximally entangled Bell-basis of
{|e1〉23, |e2〉23, |e3〉23, |e4〉23}

|e1〉23 = cos θ |00〉 + sin θ |11〉, |e2〉23 = sin θ |00〉 − cos θ |11〉,
|e3〉23 = cos θ |01〉 + sin θ |10〉, |e4〉23 = sin θ |01〉 − cos θ |10〉. (7)

Then the state in (6) can be written as

|�〉234 = |e1〉23|�A〉4 + |e2〉23|�B〉4 + |e3〉23|�C〉4 + |e4〉23|�D〉4 (8)

where

|�A〉4 = 1√
2
(α cos θ |0〉4 − β sin θ |1〉4), |�B〉4 = 1√

2
(α sin θ |0〉4 + β cos θ |1〉4),

|�C〉4 = 1√
2
(α cos θ |1〉4 + β sin θ |0〉4), |�D〉4 = 1√

2
(α sin θ |1〉4 − β cos θ |0〉4).

(9)

The possible outcomes of Charlie’s measurement will be one in |e1〉23, |e2〉23, |e3〉23 and
|e4〉23 with unequal probabilities, and the state of qubit 4 will correspondingly collapse to
|�A〉4, |�B〉4, |�C〉4 and |�D〉4, respectively. Then Charlie broadcasts the result including
the angle θ of his measurement to Bob via a classical channel.

After receiving the Charlie’s measurement result, Bob introduces an auxiliary qubit
in the initial state |0〉a . The possible state of the composite system composed of qubit 4
and the auxiliary qubit can be expressed as |0〉a ⊗ |�A〉4, |0〉a ⊗ |�B〉4, |0〉a ⊗ |�C〉4 and
|0〉a ⊗ |�D〉4. Bob needs to performs appropriate unitary transformations on the composite
state according to Charlie’s result. The appropriate transformation may be either one of the
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following two kinds of unitary transformations, which depends on the measurement angle θ

of Charlie. We choose appropriate unitary transformations according to the value of | tan θ |
being smaller or bigger than 1. It is noticed that such a choice is necessary to guarantee the
unitary properties of the following unitary operations.

i) If | tan θ | ≤ 1, Bob needs to perform the following unitary transformations U1 and U2

under the basis {|00〉a4, |01〉a4, |10〉a4 and |11〉a4}

U1 =
⎡

⎢
⎣

tan θ 0
√

1 − tan2 θ 0
0 1 0 0√

1 − tan2 θ 0 − tan θ 0
0 0 0 1

⎤

⎥
⎦ ,

U2 =
⎡

⎢
⎣

1 0 0 0
0 tan θ 0

√
1 − tan2 θ

0 0 1 0
0

√
1 − tan2 θ 0 − tan θ

⎤

⎥
⎦ .

(10)

Then one gets one of the following four possible states

|�A〉a4 = U1

(|0〉a|�A〉4

) = 1√
2

[
sin θ |0〉a

(
α|0〉4 − β|1〉4

) + α cos θ
√

1 − tan2 θ |1〉a|0〉4

]
,

|�B〉a4 = U2
(|0〉a|�B〉4

) = 1√
2

[
sin θ |0〉a

(
α|0〉4 + β|1〉4

) + β cos θ
√

1 − tan2 θ |1〉a|1〉4
]
,

|�C〉a4 = U2

(|0〉a|�C〉4

) = 1√
2

[
sin θ |0〉a

(
α|1〉4 + β|0〉4

) + α cos θ
√

1 − tan2 θ |1〉a|1〉4

]
,

|�D〉a4 = U1

(|0〉a|�D〉4

) = 1√
2

[
sin θ |0〉a

(
α|1〉4 − β|0〉4

) − β cos θ
√

1 − tan2 θ |1〉a|0〉4

]
.

(11)
Bob needs to perform measurement on the auxiliary qubit for the composite state (11)

under the basis {|0〉a, |1〉a}. If he finds the state is |0〉a , the state of qubit 4 will collapse to

|ψ1〉 = α|0〉4 − β|1〉4, |ψ2〉 = α|0〉4 + β|1〉4,

|ψ3〉 = α|1〉4 + β|0〉4 or |ψ4〉 = α|1〉4 − β|0〉4

respectively. For these states, after making corresponding local unitary transformations
σ 4

z, I4,σ 4
x , or iσ 4

y , Bob reconstructs the teleported state α|0〉4 + β|1〉4, and the controlled
teleportation is realized. Otherwise quantum teleportation fails. Simple calculation yields
the probability for a successful controlled teleportation

P = 2 sin2 θ. (12)

It is not difficult to find that 0 ≤ P ≤ 1, since | tan θ | ≤ 1.
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ii) If | tan θ | ≥ 1, Bob needs to perform the following unitary transformations U′
1 and U′

2
under the basis {|00〉a4, |01〉a4, |10〉a4 and |11〉a4}

U′
1 =

⎡

⎢
⎣

1 0 0 0
0 cot θ 0

√
1 − cot2 θ

0 0 1 0
0

√
1 − cot2 θ 0 − cot θ

⎤

⎥
⎦ ,

U′
2 =

⎡

⎢
⎣

cot θ 0
√

1 − cot2 θ 0
0 1 0 0√

1 − cot2 θ 0 − cot θ 0
0 0 0 1

⎤

⎥
⎦ .

(13)

The corresponding four states are

|�A〉′a4 = U′
1

(|0〉a|�A〉4

) = 1√
2

[
cos θ |0〉a

(
α|0〉4 − β|1〉4

) − β sin θ
√

1 − cot2 θ |1〉a|1〉4

]
,

|�B〉′a4 = U′
2

(|0〉a|�B〉4

) = 1√
2

[
cos θ |0〉a

(
α|0〉4 + β|1〉4

) + α sin θ
√

1 − cot2 θ |1〉a|0〉4

]
,

|�C〉′a4 = U′
2

(|0〉a|�C〉4
) = 1√

2

[
cos θ |0〉a

(
α|1〉4 + β|0〉4

) + β sin θ
√

1 − cot2 θ |1〉a|0〉4
]
,

|�D〉′a4 = U′
1

(|0〉a|�D〉4

) = 1√
2

[
cos θ |0〉a

(
α|1〉4 − β|0〉4

) + α sin θ
√

1 − cot2 θ |1〉a|1〉4

]
.

(14)
In this case, one finds for a successful controlled teleportation, the probability is

P ′ = 2 cos2 θ (15)

It is not difficult to find that 0 ≤ P ′ ≤ 1, since | tan θ | ≥ 1.
In both cases, if | tan θ | = 1, the success probability of controlled teleportation is 100%.

This is because, in this case, the measurement basis of controller Charlie is the maximally
entangled Bell-states.

3 Summary

In this paper, we proposed a new scheme for controlled teleportation using the properties of
four-qubit cluster states. In this scheme, a four-particle cluster state is prepared and shared
by a sender, a controller and a receiver. The sender first performs a Bell-basis measurement
on her qubits, and the controller performs a measurement under a non-maximally entangled
Bell-basis after he knows the sender’s measurement result. Then the receiver introduces
an auxiliary qubit and performs some appropriate unitary transformations on his qubits ac-
cording to the measure result of the controller. Quantum teleportation is realized after the
receiver performs a local measurement on the auxiliary qubit and an appropriate unitary
transformation on his qubit. And the probability for a successful teleportation is dependent
on the measure angle of the controller.

The difference between the scheme presented here and the other controlled teleportation
schemes is that in our scheme the shared state is a four-particle cluster state, and the con-
troller (as the third side) performs a measurement under a non-maximally entangled basis.
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Without the cooperation of controller, receiver cannot reconstruct the unknown state by him-
self. This property of the scheme can be utilized to construct a controlled quantum channel,
which may be useful in the future quantum computation.

Acknowledgements This work is supported by the National Natural Science Foundation of China (Grant
No. 60807014, 10404010), the Natural Science Foundation of Jiangxi Province, China (Grant No. 0512007),
and the Research Foundation of the Education Department of Jiangxi Province (Grant No. 2005-79).

References

1. Bennett, C.H., et al.: Phys. Rev. Lett. 70, 1895 (1993)
2. Zheng, S.B.: Chin. Phys. Lett. 23, 2356 (2006)
3. Zhan, X.G., et al.: Chin. Phys. Lett. 23, 2900 (2006)
4. Yan, F.L., Ding, H.W.: Chin. Phys. Lett. 23, 17 (2006)
5. Jiang, W.X., et al.: Chin. Phys. Lett. 24, 1144 (2007)
6. Cai, X.H.: Chin. Phys. 12, 1066 (2003)
7. Zheng, S.B.: Chin. Phys. 14, 1825 (2005)
8. Karlsson, A., Bourennane, M.: Phys. Rev. A 58, 4394 (1998)
9. Li, X.H., Deng, F.G., Zhou, H.Y.: Chin. Phys. Lett. 24, 1151 (2007)

10. Li, Y.M., et al.: Phys. Lett. A 324, 420 (2004)
11. Yang, C.P., et al.: Phys. Rev. A 70, 022329 (2004)
12. Deng, F.G., et al.: Phys. Rev. A 72, 022338 (2005)
13. Man, Z.X., et al.: Phys. Rev. A 75, 052306 (2007)
14. Zhou, J.D., et al.: arXiv:quant-ph/0006030v1 (2000)
15. Yan, F.L., Wang, D.: Phys. Lett. A 316, 297 (2003)
16. Ikram, M., Zhu, S.Y., Zubairy, M.S.: Phys. Rev. A 62, 022307 (2000)
17. Huelga, S.F., et al.: Phys. Rev. A 63, 042303 (2001)
18. Agrawal, P., Pati, A.: Phys. Rev. A 74, 062320 (2006)
19. Gao, T., Yan, F.L., Wang, Z.X.: Chin. Phys. 14, 893 (2005)
20. Yang, J.: Chin. Phys. 14, 2149 (2005)
21. Yuan, H.C., Qi, K.G.: Chin. Phys. 14, 898 (2005)
22. Huang, Z.P., Li, H.C.: Chin. Phys. 14, 974 (2005)
23. Yuan, F.C., Qi, K.G.: Chin. Phys. 14, 1716 (2005)
24. Xiu, X.M., Dong, L., Gao, Y.J., Chi, F.: Chin. Phys. 16, 2194 (2007)
25. Zhan, Y.B.: Chin. Phys. 16, 2557 (2007)
26. Zhan, X.G., Li, H.M., Ji, H., Zeng, H.S.: Chin. Phys. 16, 2880 (2007)
27. Raussendorf, R., Briegel, H.J.: Phys. Rev. Lett. 86, 910 (2001)
28. Li, D.C., Cao, Z.L.: Commun. Theor. Phys. 47, 464 (2007)
29. Dong, P., et al.: Phys. Rev. A 73, 033818 (2006)

http://arxiv.org/abs/arXiv:quant-ph/0006030v1

	Non-Maximally Entangled Controlled Teleportation Using Four Particles Cluster States
	Abstract
	Introduction
	Controlled Teleportation
	Summary
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


